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Smooth Lie groups over local fields of
positive characteristic need not be analytic
Helge Glo¨ckner
Abstract
We describe finite-dimensional smooth Lie groups over local fields
of positive characteristic which do not admit an analytic Lie group
structure compatible with the given topological group structure, and
Cn-Lie groups without a compatible Cn+1-Lie group structure, for
each n ≥ 1. We also present examples of non-analytic, smooth auto-
morphisms, as well as Cn-automorphisms which fail to be Cn+1.
Subject classification: 22E20 (main); 20G25, 22D05, 22D45, 26E30.
Key words: smooth Lie group, analytic Lie group, totally disconnected group, finite order
differentiability, local field, positive characteristic, contractive automorphism, scale func-
tion, tidy subgroup, Willis theory, non-archimedian analysis
Introduction
It is a classical fact (the core of which goes back to Schur, [14]) that every
finite-dimensional real Lie group of class Ck (where k ∈ N ∪ {∞}) admits a
Ck-compatible analytic Lie group structure; see [12, §4.4] and the references
given there for further information. Based on Lazard’s characterization of
analytic p-adic Lie groups within the class of locally compact groups [10],
it was shown in [6] that also every finite-dimensional Ck-Lie group over a
local field of characteristic 0 admits a Ck-compatible K-analytic Lie group
structure. Here, Ck-maps and Lie groups are understood in the sense of [2],
where a setting of differential calculus over arbitrary topological fields was
developed. A mapping between finite-dimensional vector spaces over a local
field is C1 if and only if it is strictly differentiable at each point [7, Rem. 5.4],
where strict differentiability is a classical concept, [3, 1.2.2].
In the present article, we show by example that the situation is entirely
different in the case of positive characteristic. We prove:
1
Main Theorem. Let K be a local field of positive characteristic. Then:
(a) There exists a one-dimensional smooth K-Lie group which does not
admit a K-analytic Lie group structure compatible with its topological
group structure.
(b) For each positive integer n, there exists a one-dimensional K-Lie group
of class Cn which does not admit a K-Lie group structure of class Cn+1
compatible with the given topological group structure.
(See Theorem 5.2 and Theorem 6.1). We also describe a Cn-automorphism of
a finite-dimensional K-analytic Lie group which is not Cn+1 (Proposition 3.4),
and a non-analytic C∞-automorphism (Proposition 3.7).
As a tool, we use concepts from George Willis’ structure theory of totally
disconnected, locally compact groups as developed in [18], [19] and analyzed
for Lie groups over local fields in [5] and [9].
While it is quite justified to restrict attention to analytic Lie groups in the real
and p-adic cases, our results make it clear that this habit is inappropriate in
the case of positive characteristic. Because genuinely larger classes of groups
can be captured in this way, it may very well be of interest to study Lie groups
over such fields which are merely smooth, or merely Cn. It is not hopeless
to prove substantial results in the absence of analyticity. For example, it is
possible to discuss contraction groups (opposite subgroups), tidy subgroups
and the scale function for automorphisms of mere C1-Lie groups, [9].
1 Preliminaries and Notation
We recall some definitions and basic facts from differential calculus (and
linear algebra) over local fields, and set up our notational conventions.
1.1 Let E and F be (Hausdorff) topological vector spaces over a non-discrete
topological field K, U ⊆ E be open, and f : U → F be a map. Following [2],
we call f a C1-map if it is continuous and there exists a (necessarily unique)
continuous map f [1] : U [1] → F on U [1] := {(x, y, t) ∈ U ×E×K : x+ ty ∈ U}
such that f [1](x, y, t) = 1
t
(f(x+ ty)− f(x)) for all (x, y, t) ∈ U [1] with t 6= 0.
Then f ′(x) : E → F , y 7→ f ′(x).y := f [1](x, y, 0) is a continuous linear map,
for each x ∈ U [2, Prop. 2.2]. Inductively, f is called Cn+1 if it is C1 and f [1]
is Cn; it is C∞ (or smooth) if it is Cn for all n.
2
1.2 For maps between open subsets of finite-dimensional real vector spaces,
the present definitions of Cn-maps are equivalent to the usual ones (cf. [2,
Prop. 7.4 and 7.7]).
1.3 Compositions of composable Cr-maps are Cr [2, Prop. 4.5], the Chain
Rule holds [2, Prop. 3.1], and being Cr is a local property, for each r ∈
N ∪ {∞} [2, La. 4.9]. This makes it possible to define Cr-manifolds modeled
on a topological K-vector space E, in the usual way. A K-Lie group of
class Cr is a group, equipped with a Cr-manifold structure modeled on a
topological K-vector space, which makes the group operations Cr. If G is a
Cr-Lie group, we write L(G) := T1(G) for its (geometric) tangent space at
the identity.1 Given a homomorphism α : G → H which is at least C1, as
usual we abbreviate L(α) := T1(α).
1.4 For the definition of K-analytic maps between open subsets of Banach
spaces over a complete valued field K, we refer to [3] (see also [15] for the
finite-dimensional case). Any K-analytic map is C∞ by [2, Prop. 7.20]. Hence
every K-analytic Lie group modeled on a Banach space can also be considered
as a C∞-Lie group in the sense of 1.3.
For functions of a single variable, an equivalent description of the Cn-property
is available, which is much easier to work with. This is essential for our con-
structions of pathological homomorphisms and Lie groups, which necessitate
to verify by hand that certain mappings defined on open subsets of the ground
field are Cn. It is also clear from the equivalent description that a map be-
tween open subsets of an ultrametric field K is Cn in our sense if and only if
it is so in the sense of [13].
Lemma 1.5 (cf. [2, Prop. 6.9]). Let U ⊆ K be an open subset of a topological
field K and F be a topological K-vector space. Given a map f : U → F , we
set f<0> := f . Then the following holds:
(a) The map f is C1 if and only if it is continuous and there exists a
(necessarily unique) continuous map f<1> : U × U → F such that
f<1>(x1, x2) =
1
x1 − x2
(f(x1)− f(x2))
for all x1, x2 ∈ U such that x1 6= x2.
1If r ≥ 3, then L(G) has a natural Lie algebra structure, but we shall not use it.
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(b) Having characterized Ck-maps and defined f<k> : Uk+1 → F for all
k = 0, . . . , n − 1, where n ∈ N, we have: f is Cn if and only if f is
Cn−1 and there exists a continuous map f<n> : Un+1 → F such that
f<n>(x1, x2, . . . , xn+1)
=
1
x1 − x2
(
f<n−1>(x1, x3, . . . , xn+1)− f
<n−1>(x2, x3, . . . , xn+1)
)
for all x1, . . . , xn+1 ∈ U such that x1 6= x2.
Here f<n> is uniquely determined and is symmetric in its n + 1 arguments.
Furthermore, n!Dnf(x) = d
nf
dxn
(x) =: f (n)(x) for all x ∈ U , where Dnf(x) :=
f<n>(x, . . . , x). ✷
For further information on differential calculus over topological fields and the
corresponding manifolds and Lie groups, we refer to [2] and [6]–[8].
1.6 Recall that a local field is a totally disconnected, locally compact, non-
discrete topological field. On any local field, there exists a natural absolute
value |.| : K→ [0,∞[, defined via |0| := 0 and |x| := ∆K(λx) for x 6= 0, where
λx : K → K, λx(y) := xy is multiplication by x and ∆K : Aut(K,+)→ ]0,∞[
the modular function. Then |K×| = 〈q〉 ≤ (]0,∞[, ·) for some prime power q,
called the module of K. For further information on local fields, see [17].
The following lemma provides information concerning a special type of linear
maps which will play a crucial role in our constructions.
Lemma 1.7 Let V be a finite-dimensional vector space over a local field K
with module q. Let |.| : K → [0,∞[ be the unique extension of the natural
absolute value on K to an absolute value on the algebraic closure K of K. Let
α ∈ GL(V ) be a K-linear automorphism of V , with eigenvalues λ1, . . . , λd
in K, where d := dimK(V ). Suppose that |λj| > 1 for each j ∈ {1, . . . , d}
and
∏d
j=1 |λj| = q. Consider V as a K[T ]-module via
(∑n
j=0 ajT
j
)
.v :=∑n
j=0 ajA
jv. Then
(a) V is an irreducible K[T ]-module;
(b) |λj| = q
1/d for each j ∈ {1, . . . , d}; and
(c) There exists an ultrametric norm ‖.‖ on V such that ‖α(x)‖ = q1/d‖x‖
for each x ∈ V .
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Proof. (a) Let {0} 6= U ⊆ V be a K[T ]-submodule of V ; we show that U =
V . To this end, let e := dimK(U) ∈ {1, . . . , d} and note that λj1, . . . , λje are
the eigenvalues of α|UU in K, for suitable integers 1 ≤ j1 < j2 < · · · < je ≤ d.
Set J := {jk : k = 1, . . . , e} and r :=
∏
j 6∈J |λj|. Then r ≥ 1, with equality if
and only if J = {1, . . . , d} (and hence U = V ). But
q = | det(α)| =
d∏
j=1
|λj| = r
∏
j∈J
|λj| ,
where 1 <
∏
j∈J |λj | = | det(α|
U
U)| ∈ q
Z and thus
∏
j∈J |λj| ≥ q. Hence∏
j∈J |λj| = q and r = 1, entailing that U = V .
(b) For each j, let (V
K
)λj := {v ∈ VK : (αK−λj)
dv = 0} be the generalized
eigenspace of α
K
in V
K
corresponding to λj, where VK is the K-vector space
obtained from V by extension of scalars. Let R := {|λj| : j ∈ {1, . . . , d}};
given ρ ∈ R define Jρ := {j ∈ {1, . . . , d} : |λj| = ρ} and Wρ :=
⊕
j∈Jρ
(V
K
)λj .
By [11, Ch. II, (1.0), p. 81], each Wρ is defined over K, i.e., Wρ = (Vρ)K.
Note that Vρ := Wρ ∩ V is α-invariant and hence a K[T ]-submodule of V .
Thus V =
⊕
ρ∈R Vρ is a direct sum of K[T ]-submodules. By (a), such a
decomposition is only possible if R = {ρ} is a singleton and thus V = Vρ.
Now q = |λ1| · · · |λd| = ρ
d entails ρ = q1/d.
(c) We choose a K-basis v1, . . . , vd of VK with respect to which αK has
Jordan canonical form, and let ‖.‖ be the maximum norm on V
K
with respect
to this basis. Since q1/d > 1 and |1| = 1, the ultrametric inequality entails
that ‖α
K
(vj)‖ = q
1/d‖vj‖ for each j ∈ {1, . . . , d} (cf. [5, p. 209, Eqn. (1)]).
Hence ‖α
K
(x)‖ = q1/d‖x‖ for each x ∈ V
K
, using that ‖.‖ is a maximum
norm. Now the restriction of ‖.‖ to V is norm with the desired property. ✷
1.8 Conventions. Throughout the article, q is a prime power, Fq a fi-
nite field of cardinality q and K := Fq((X)) the field of formal Laurent series
over Fq, unless said otherwise.
2 We let O := Fq[[X ]] be the valuation ring of K
(the ring of formal power series over Fq). We let |.| : K→ [0,∞[ be the natural
absolute value on K, given by |
∑∞
k=n akX
k| := q−n for an, an+1, . . . ∈ Fq with
an 6= 0. We fix an algebraic closure K and use the same symbol, |.|, for the
unique extension of the absolute value |.| on K to an absolute value on K. We
use R and Z in their usual meanings and write N := {1, 2, . . .}, N0 := N∪{0}.
2Up to isomorphism, every local field of positive characteristic is of this form [17].
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In the following, by a “Lie group” we always mean a Lie group modeled on
a finite-dimensional vector space. A Cr-automorphism of a Cr-Lie group G
is an automorphism α : G → G such that both α and its inverse are Cr.
The same convention applies to K-analytic automorphisms, K-analytic dif-
feomorphisms and Cr-diffeomorphisms. Given a topological group G, its
group of bicontinuous automorphisms will be denoted by Aut(G). If (E, ‖.‖)
is a normed K-vector space, we set BEr := {x ∈ E : ‖x‖ < r} for r > 0; if E
is understood, we abbreviate Br := B
E
r .
2 Criteria making a map Cn, or preventing it
In this section, we describe simple criteria ensuring that a mapping is Cn,
resp., that it is not Cn.
Lemma 2.1 Let n ∈ N and f : U → K be a map, defined on an open subset
U ⊆ K. Suppose that there exist real numbers θ > n and b > 0 such that
|f(y)− f(x)| ≤ b |y − x|θ for all x, y ∈ U . (1)
Then f is Cn and Dkf(x) = 0 for all k ∈ {1, . . . , n} and x ∈ U .
Proof. This is a special case of [13, Thm. 29.12]. ✷
Lemma 2.2 Let E 6= {0} and F be normed K-vector spaces and f : U → F
be a mapping on an open subset U ⊆ E. Let n ∈ N0. Suppose that there
exist x ∈ U , θ ∈ ]n, n+ 1[ and positive real numbers a, b such that
a ‖y − x‖θ ≤ ‖f(y)− f(x)‖ ≤ b ‖y − x‖θ (2)
for all y ∈ U . Then f is not of class Cn+1.
Proof. There exists 0 6= y ∈ E such that x + Oy ⊆ U . Then g : O → F ,
g(t) := f(x+ ty)− f(x) satisfies
A |t|θ ≤ ‖g(t)‖ ≤ B |t|θ for all t ∈ O, (3)
with A := a ‖y‖θ, B := b ‖y‖θ. It suffices to show that g is not Cn+1. To
reach a contradiction, assume that g is Cn+1. By [2, Thm. 5.1], g admits a
Taylor expansion of order n+ 1 around 0:
g(t) =
n+1∑
j=0
ajt
j + tn+1ρ(t) for all t ∈ O,
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where ρ : O→ F is continuous and satisfies ρ(0) = 0. But such an expansion
is incompatible with the asymptotic described in (3). To see this, note first
that ak = 0 for k = 0, . . . , n. Indeed, g(0) = 0 entails that a0 = 0, and
if we already know that a0 = · · · = ak−1 = 0, letting t → 0 in t
−kg(t) =
ak +
∑n+1
j=k+1 t
j−kaj + t
n+1−kρ(t) we find that also ak = 0 (since t
−kg(t)→ 0,
by (3)). Hence g(t) = (an+1 + ρ(t)) t
n+1 and thus
A ≤
‖g(t)‖
|t|θ
= ‖an+1 + ρ(t)‖ · |t|
n+1−θ ,
where the right hand side tends to 0 as t→ 0. This contradicts A > 0. ✷
3 Automorphisms with specific properties
In this section, we discuss a family of automorphisms of the additive topolog-
ical group O := Fq[[X ]], some of which have specific pathological properties.
3.1 Given a strictly ascending sequence λ := (ℓj)j∈N0 of positive integers
ℓ0 < ℓ1 < ℓ2 < · · · , we define a mapping β : O→ O via
β
( ∞∑
j=0
ajX
j
)
:=
∞∑
j=0
ajX
ℓj for (aj)j∈N0 ∈ F
N0
q .
We define α : O→ O via α(z) := z + β(z).
Lemma 3.2 The map β from 3.1 is a continuous homomorphism, and α is
an automorphism of the topological group (O,+).
Proof. Clearly β and α are homomorphisms of groups. Furthermore, β is
continuous, since O = FN0q is equipped with the product topology and each
coordinate of β(z) is either constant or only depends on one coordinate of z.
To see that α is a bijection, let z =
∑∞
j=0 ajX
j and w ∈
∑∞
j=0 bjX
j be
elements of O, where aj , bj ∈ Fq. Equating coefficients, we see that α(z) = w
holds if and only if a0 = b0 and
(∀i ∈ N) ai =
{
bi if i 6= ℓj for each j ∈ N0;
bi − aj if i = ℓj for some j ∈ N0.
(4)
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Since j < i in the second case of (4), given w we can solve for a0, a1, . . . in
turn and deduce that z ∈ O with α(z) = w exists and is uniquely determined.
Thus α is an isomorphism of groups. It is clear from the preceding formula
that, for fixed i, the ith coordinate ai of z = α
−1(w) only depends on finitely
many coordinates, b0, b1, . . . , bi, of w. Hence α
−1 is continuous. ✷
Lemma 3.3 If there exist real numbers θ > 0 and K > 0 such that
jθ −K ≤ ℓj ≤ jθ +K for all j ∈ N0, (5)
then there exist positive real numbers a < b such that
a |y − x|θ ≤ |β(y)− β(x)| ≤ b |y − x|θ , for all x, y ∈ O.
Proof. We claim that the assertion holds with a := min{q−ℓ0, q−K} and
b := qK . Since β(y) − β(x) = β(y − x), we may assume without loss of
generality that x = 0. We distinguish three cases.
1. If y = 0, then the assertion is trivial.
2. If |y| = 1, then |β(y)| = q−ℓ0 ≥ a = a|y|θ and b|y|θ = b ≥ 1 ≥ q−ℓ0 =
|β(y)|.
3. If |y| = q−j with j ∈ N, then ℓj/j = θ + εj for some εj ∈
[
−K/j,K/j
]
,
by (5). Thus
|β(y)| = q−ℓj = (q−j)ℓj/j = |y|ℓj/j = |y|θ+εj = |y|θ|y|εj ,
where |y|εj = q−jεj with jεj ∈ [−K,K] and so |y|
εj ∈ [q−K , qK ]. Hence
indeed a|y|θ ≤ q−K |y|θ ≤ |β(y)| ≤ qK |y|θ = b|y|θ. ✷
The following proposition provides Cn-automorphisms of the 1-dimensional
K-analytic Lie group (O,+) which are not Cn+1.
Proposition 3.4 Given n ∈ N, choose θ ∈ ]n, n+1[ and define ℓj := 1+[jθ]
for each j ∈ N0, where [.] is the Gauß bracket (integer part). Let α : O→ O be
as in 3.1. Then α is a Cn-automorphism of (O,+) which is not a Cn+1-map.
Proof. Since jθ ≤ ℓj ≤ jθ + 1 for each j ∈ N0, Lemma 3.3 provides real
numbers 0 < a < b such that a |y − x|θ ≤ |β(y)− β(x)| ≤ b |y − x|θ for all
x, y ∈ O. Hence β is Cn (by Lemma 2.1) but not Cn+1 (by Lemma 2.2).
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Furthermore, β ′(x) = D1β(x) = 0 for all x ∈ O, by Lemma 2.1. Hence α =
idO+β is C
n-map which is not Cn+1, and such that α′(x) = 1 for each x ∈ O.
As α is an automorphism of groups by Lemma 3.2 and hence a bijection, the
Inverse Function Theorem for Cn-maps ([7, Thm. 7.3 & Rem. 5.4] or [13,
Thms. 27.5 & 77.2]) implies that α is a Cn-diffeomorphism. ✷
To identify suitable smooth mappings as non-analytic, we shall use the fol-
lowing simple fact (see [3, 4.2.3 and 3.2.5]):
Lemma 3.5 Let E and F be ultrametric Banach spaces over K, U ⊆ E be
an open 0-neighbourhood and f : U → F be a K-analytic function such that
lim
x→0
‖f(x)‖ / ‖x‖n = 0 for each n ∈ N0.
Then there exists a 0-neighbourhood W ⊆ U such that f |W = 0. ✷
We find it convenient to formulate another preparatory lemma.
Lemma 3.6 In 3.1, choose λ = (ℓj)j∈N0 such that ℓj/j → ∞ as j → ∞.
Then, for each n ∈ N, there exists a real number cn > 0 such that
|β(y)− β(x)| ≤ cn |y − x|
n for all x, y ∈ O. (6)
Proof. Let n ∈ N. Since ℓj/j →∞, there exists k ∈ N such that ℓj/j ≥ n for
all j ≥ k. We claim that (6) holds with cn := q
kn. It suffices to verify (6) for
x = 0, and we may assume that y 6= 0 (cf. proof of Lemma 3.3). If |y| = q−j
with j ≥ k, then |β(y)| = q−ℓj = (q−j)ℓj/j ≤ (q−j)n = |y|n ≤ cn |y|
n, as
required. If |y| = q−j with j ∈ {0, 1, . . . , k− 1}, then |β(y)| ≤ 1 ≤ qknq−jn =
cn |y|
n as well. ✷
We now provide examples of smooth, non-analytic automorphisms of the
1-dimensional K-analytic Lie group (O,+).
Proposition 3.7 In 3.1, choose λ = (ℓj)j∈N0 such that ℓj/j → ∞ as
j →∞. Then the following holds:
(a) α is a C∞-automorphism of (O,+).
(b) α is not K-analytic.
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Proof. (a) Lemmas 3.6 and 2.1 show that β is smooth, with
Djβ(x) = 0 for all j ∈ N and x ∈ O. (7)
As in the proof of Proposition 3.4, we infer that α is a C∞-automorphism.
(b) Since β = α− idO where idO is K-analytic, it suffices to show that β is
not K-analytic. However, if β was K-analytic, then β would vanish on some
0-neighbourhood, by (6) and Lemma 3.5. As β is injective, we have reached
a contradiction. ✷
Note that functions f of one variable with Djf = 0 for small (or all) positive
integers are familiar objects in non-archimedian analysis. Examples of such
functions in the p-adic case (which are not homomorphisms) are described
(or suggested) in Example 26.4 as well as Exercises 28.F, 29.F and 29.G
in [13]. Our definition of β in 3.1 was stimulated by these examples.
4 Calibrations obtained from contractions
In this section, we provide techniques which shall enable us to check that cer-
tain Lie groups constructed with the help of the pathological automorphisms
from Section 3 do not admit better-behaved Lie group structures compatible
with their given topological group structure. The basic idea is that suitable
contractive automorphisms of K-Lie groups determine a “calibration” which
can be used to estimate the norms of elements close to the identity (with
respect to a given chart taking 1 to 0). As a tool, we shall employ concepts
from the structure theory of totally disconnected, locally compact groups
developed in [18], [19] and analyzed for Lie groups over local fields in [5]
and [9]. We briefly recall the relevant definitions.
4.1 Let G be a totally disconnected, locally compact topological group and
α be a bicontinuous automorphism of G. Then there exists a compact open
subgroup U ⊆ G which is tidy for α, meaning that the following holds:
T1 U = U+U−, where U± :=
⋂
k∈N0
α±k(U) ; and
T2 The subgroup U++ :=
⋃
k∈N0
αk(U+) is closed in G.
Here α(U+) ⊇ U+ and α(U−) ⊆ U−. The index sG(α) := [α(U+) : U+] is
finite and is independent of the tidy subgroup; it is called the scale of α. If
U is tidy for α, then it is also tidy for α−1. (See [18] and [19]).
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Let us say that a bicontinuous automorphism α : G → G is contractive if
αn(x) → 1 as n → ∞, for each x ∈ G. A sequence (Un)n∈N0 of identity
neighbourhoods is called a fundamental sequence if U0 ⊇ U1 ⊇ U2 ⊇ · · · and
every identity neighbourhood of G contains some Un.
4.2 If α is contractive and U ⊆ G a compact identity neighbourhood, then
{αn(U) : n ∈ N0} is a basis for the filter of identity neighbourhoods of G, as
a consequence of [16, Prop. 2.1].
Lemma 4.3 Let α be a contractive automorphism of a totally disconnected,
locally compact topological group G. Then sG(α) = 1, and the following holds:
(a) There exists a compact, open subgroup U ⊆ G such that α(U) ⊆ U .
(b) A compact, open subgroup U ⊆ G is tidy for α if and only if α(U) ⊆ U .
In this case, U− = U ,
U+ :=
⋂
k∈N0
αk(U) = {1} , and U−− :=
⋃
k∈N0
α−k(U−) = G . (8)
(c) (αn(U))n∈N0 is a fundamental sequence of identity neighbourhoods for
G, for each subgroup U ⊆ G which is tidy for α. Each of the groups
αn(U) is tidy for α. Hence G has arbitrarily small subgroups tidy for α.
(d) If G is a C1-Lie group over a local field K and α is a contractive C1-
automorphism, let β := L(α) be the associated K-linear automorphism
of L(G). Then |λ| < 1 for every eigenvalue λ of β in K.
Proof. (a) As tidy subgroups always exist, (a) follows from (b).
(b) If U ⊆ G is tidy for α, then αn(x) → 1 as n → ∞ for x ∈ U
entails that x ∈ U− (cf. [18, La. 9]). Hence U = U− and hence α(U) ⊆ U .
If, conversely, U ⊆ G is a compact open subgroup such that α(U) ⊆ U ,
then α−1(U) ⊇ U and thus U− = U . Since G is Hausdorff, 4.2 shows that
U+ =
⋂
n≥0 α
n(U) = {1} and hence U++ = {1}, which is closed. Thus U
satisfies T1 and T2. Since U+ = {1}, furthermore sG(α) = [{1} : {1}] = 1.
To complete the proof of (8), let x ∈ G. Then αn(x) ∈ U for some n ∈ N0
and thus x ∈ α−n(U) = α−n(U−) ⊆ U−−. Hence U−− = G.
(c) As αn+1(U) ⊆ αn(U) for each n, the claims follow from (b) and 4.2.
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(d) As G has small subgroups tidy for α, results from [9] show that Gα :=
{x ∈ G : αn(x)→ 1 as n→∞}, Gα−1 := {x ∈ G : α
−n(x)→ 1 as n→∞}
and G0 := {x ∈ G : α
Z(x) is relatively compact} are C1-Lie subgroups of G,
and that the multiplication map
Gα ×G0 ×Gα−1 → G , (x, y, z) 7→ xyz
is a C1-diffeomorphism onto an open subset of G. As Gα = G, this implies
that G0 = Gα−1 = {1}, whence L(G0) = L(Gα−1) = {0}. However, it is
also shown in [9] that L(Gα−1)K (resp., L(G0)K) is the direct sum of all the
generalized eigenspaces of β
K
to eigenvalues of absolute value > 1 (resp., of
absolute value 1). Hence such eigenvalues cannot exist. ✷
In view of Lemma 4.3 (b) and (c), the following definition makes sense:
Definition 4.4 Let G be a totally disconnected, locally compact group, α
be a contractive automorphism of G and U ⊆ G a compact, open subgroup
such that α(U) ⊆ U . The calibration of G associated with α and U is the
function κ : G→ Z ∪ {∞} defined via
κ(x) :=
{
∞ if x = 1;
n if x ∈ αn(U) \ αn−1(U).
(9)
4.5 Let G be a C1-Lie group over K = Fq((X)) and α : G→ G be a contrac-
tive C1-automorphism of G such that sG(α
−1) = q. Let φ : P → Q ⊆ L(G)
be a chart for G around 1 such that φ(1) = 0 and T1(φ) = idL(G). Let ‖.‖
be an ultrametric norm on L(G). For each r > 0, let Br be the ball of ra-
dius r in (L(G), ‖.‖); let ρ > 0 such that Bρ ⊆ Q, and set Wr := φ
−1(Br) for
0 < r ≤ ρ. Let U be a compact open subgroup of G such that α(U) ⊆ U .
Lemma 4.6 In the situation of 4.5, there exist N ∈ N0 and real numbers
a ≤ b such that qb ≤ ρ and
Wqa−n/d ⊆ α
n+N(U) ⊆Wqb−n/d for all n ∈ N0. (10)
Proof. Let λ1, . . . , λd (where d := dimKL(G)) be the eigenvalues of L(α
−1)
inK, each of which has absolute value> 1 as a consequence of Lemma 4.3 (d).
Since G has small subgroups tidy for α (Lemma 4.3 (c)), it also has small
subgroups tidy for α−1. Hence
q = sG(α
−1) =
∏
j∈{1,...,d}
s.t. |λj |≥1
|λj| =
d∏
j=1
|λj| , (11)
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using the main result of [9] to obtain the second equality. Now Lemma 1.7
shows that |λj| = q
1/d for each j ∈ {1, . . . , d}, and it provides an ultrametric
norm ‖.‖′ on L(G) such that ‖L(α−1).x‖ = q1/d‖x‖′ for each x ∈ L(G).
Hence
‖β(x)‖′ = q−1/d ‖x‖′ , for each x ∈ L(G),
where β := L(α). Set B′r := {x ∈ L(G) : ‖x‖
′ < r} for r > 0. There exists
an open 0-neighbourhood R ⊆ Q such that α(φ−1(R)) ⊆ P . Then
γ : R→ Q , γ(x) := φ(α(φ−1(x)))
expresses α in local coordinates. We have γ′(0) = T1(φ)L(α)T1(φ)
−1 =
L(α) = β as T1(φ) = idL(G). Thus γ
′(0) = β is invertible. Now the Inverse
Function Theorem in the quantitative form [7, Prop. 7.1 (b)′] shows that there
exists δ > 0 with B′δ ⊆ R such that γ(B
′
r) = β(B
′
r) = B
′
rq−1/d
for each
r ∈ ]0, δ] and hence
γn(B′r) = B
′
rq−n/d for all r ∈ ]0, δ] and n ∈ N0. (12)
All ultrametric norms on the finite-dimensional K-vector space L(G) being
equivalent [13, Thm. 13.3], there exists c ≥ 1 such that c−1‖.‖ ≤ ‖.‖′ ≤ c‖.‖
and thus Bc−1r ⊆ B
′
r ⊆ Bcr for each r > 0. Set v := min{1,
ρ
cδ
}. Then
B′vδ ⊆ B
′
δ ⊆ R. Choose N ∈ N such that α
N(U) ⊆ φ−1(B′vδ). There exists
u ∈ ]0, v] such that B′uδ ⊆ φ(α
N(U)). Then
B′uδq−n/d ⊆ γ
n(φ(αN(U))) ⊆ B′vδq−n/d for each n ∈ N0,
by (12). Therefore Bc−1uδq−n/d ⊆ γ
n(φ(αN(U))) ⊆ Bcvδq−n/d . Using that
γn(φ(αN(U))) = φ(αn+N(U)), we obtain
Bc−1uδq−n/d ⊆ φ(α
n+N(U)) ⊆ Bcvδq−n/d for each n ∈ N0. (13)
Note that cvδq−n/d ≤ cvδ ≤ cδρ
cδ
= ρ be definition of v. Applying φ−1 to (13),
we see that (10) holds with a := logq
(
uδ
c
)
and b := logq(cvδ). ✷
In the following lemma, we retain the situation of Lemma 4.6; in particular,
d := dimK L(G). For ‖.‖ as in 4.5, define µ : L(G) → R ∪ {∞}, µ(x) :=
− logq ‖x‖ (where logq(0) := −∞). Thus ‖x‖ = q
−µ(x). The calibration
κ : G → Z ∪ {∞} associated with α and U (as in (9)) can be used to
approximate µ on a 0-neighbourhood, up to a bounded error:
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Lemma 4.7 (Calibration Lemma) There exists R ∈ [0,∞[ such that
µ(φ(x))d−R ≤ κ(x) ≤ µ(φ(x))d+R , for each x ∈ αN(U). (14)
Proof. Let x ∈ αN(U) \ {1}. Then N ≤ κ(x) < ∞, entailing that n :=
κ(x)−N ∈ N0. Using (10), we obtain
x ∈ ακ(x)(U) = αn+N(U) ⊆ Wqb−n/d and
x 6∈ ακ(x)+1(U) = αn+1+N(U) ⊇ Wqa−(n+1)/d .
Hence qa−(n+1)/d ≤ ‖φ(x)‖ < qb−n/d and thus (n + 1)/d − a ≥ µ(φ(x)) >
n/d− b, whence n+ 1− ad ≥ µ(φ(x))d > n− bd and therefore
κ(x)−N + 1− ad ≥ µ(φ(x))d > κ(x)−N − bd .
Hence the assertion holds with R := max{0, 1− ad−N, N + bd}. ✷
The following immediate consequence of Lemma 4.7 is what we actually need:
Proposition 4.8 Let G and G∗ be C1-Lie groups over K, of dimensions
d and d∗, resp., such that G = G∗ as a topological group. Let φ : P →
Q ⊆ L(G) and φ∗ : P ∗ → Q∗ be charts of G and G∗ around 1 taking 1
to 0 and such that T1(φ) = idL(G) and T1(φ
∗) = idL(G∗). Let ‖.‖ and ‖.‖∗
be ultrametric norms on L(G) and L(G∗), respectively. If there exists a
contractive automorphism α of G which is a C1-automorphism for both G and
G∗ and such that sG(α
−1) = q, then there exists an identity neighbourhood
W ⊆ P ∩ P ∗ and positive real numbers a < b such that
a ‖φ(x)‖d/d
∗
≤ ‖φ∗(x)‖∗ ≤ b ‖φ(x)‖
d/d∗ for each x ∈ W .
✷
It may very well happen that d 6= d∗ in the situation of Proposition 4.8, and
in fact any combination of positive integers (d, d∗) ∈ N2 can occur, as the
following example shows.
Example 4.9 Let G := (K,+), equipped with its usual one-dimensional
K-analytic Lie group structure. Then the (linear) map
τ : K→ K , τ(z) := X · z
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apparently is a K-analytic automorphism of G. The isomorphism of topo-
logical groups
φ∗ : K→ K2 ,
∑
j
ajX
j 7→
(∑
j
a2jX
j,
∑
j
a2j+1X
j
)
can be used as a global chart for K turning it into a 2-dimensional K-analytic
Lie group G∗ isomorphic to (K2,+). Note that τ also is a K-analytic auto-
morphism of G∗, because φ∗ ◦ τ ◦ (φ∗)−1 : K2 → K2 is the K-linear map(
u
v
)
7→
(
0 X
1 0
) (
u
v
)
.
By the following lemma, τ is contractive and sG(τ
−1) = q. Hence, we are in
the situation of Proposition 4.8.
Variants: Given any positive integer d∗, we obtain an isomorphism of topo-
logical groups K ∼= Kd
∗
if we replace 2Z and 2Z+1 with d∗Z and its cosets in
the preceding construction. This enables us to turn K into a K-analytic Lie
group G∗ of dimension d∗, such that τ is a K-analytic automorphism of G∗.
We used the following simple fact:
Lemma 4.10 τ is a contractive automorphism of (K,+) with sK(τ
−1) = q.
Proof. Because |τn(z)| = |Xnz| = q−n|z| for each z ∈ K and n ∈ N, clearly
τ is contractive. Since τ(O) = XO ⊆ O, Lemma 4.3 (b) shows that O is tidy
for τ , with O+ = {0} and O− = O. Therefore sK(τ
−1) = [τ−1(O) : O] =
[X−1O : O] = |Fq| = q. ✷
5 Examples of non-analytic C∞-Lie groups
In this section, we present examples of smooth K-Lie groups which cannot
be turned into K-analytic Lie groups.
5.1 Let λ = (ℓj)j∈N0, α and β be as in 3.1. Every element z =
∑∞
j=−n ajX
j ∈
K (where n ∈ N) can be written as z = z′ + z′′ with z′ :=
∑−1
j=−n ajX
j and
z′′ :=
∑∞
j=0 ajX
j . We define
β¯ : K→ K , β¯(z) := β(z′′) and
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α¯ : K→ K , α¯(z) := z′ + α(z′′) .
Thus α¯|O = α, β¯|O = β, and α¯ = idK + β¯. Clearly β¯ is a continuous
homomorphism and α¯ a bicontinuous automorphism of (K,+). We define
τ : K→ K , τ(z) := X · z
and recall from 4.9 and Lemma 4.10 that τ is a K-analytic, contractive
automorphism of (K,+) such that sK(τ
−1) = q. We equip
G := K×〈α¯, τ〉 (15)
with the uniquely determined topology making it a topological group with
K (in its usual topology) as an open, normal subgroup; here 〈α¯, τ〉 denotes
the subgroup of Aut(K,+) generated by α¯ and τ .
Theorem 5.2 For λ = (ℓj)j∈N0 as in Proposition 3.7, the topological group
G described in (15) has the following properties:
(a) G admits a 1-dimensional smooth K-Lie group structure compatible
with the given topological group structure.
(b) G does not admit a K-analytic Lie group structure compatible with the
given topological group structure.
Proof. (a) We equip (K,+) with its usual 1-dimensional C∞-Lie group
structure. Since the restriction of α¯ to the open subset O ⊆ K coincides with
α, which is a C∞-automorphism of O by Proposition 3.7, we see that α¯ is
a C∞-automorphism of (K,+). Apparently also τ is a C∞-automorphism of
(K,+), and hence so is each γ ∈ 〈α¯, τ〉. Now standard arguments provide a
(uniquely determined) C∞-manifold structure on G making it a smooth Lie
group and such that K, with its given smooth manifold structure, is an open
submanifold of G (see [8, Prop. 1.18]).
(b) The proof has two parts, the first of which can be re-used later.
5.3 Let us assume, to the contrary, that there exists a K-analytic manifold
structure on the groupGmaking it a K-analytic Lie groupG∗ and compatible
with the given topology. We let L(G∗) be the Lie algebra of G∗ and set
d := dimK L(G
∗) ∈ N. The open subgroup K of G∗ inherits a K-analytic Lie
group structure fromG∗. We writeH forK, equipped with this d-dimensional
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K-analytic Lie group structure. Thus L(H) = L(G∗), and both τ and α¯ are
K-analytic automorphisms of H . We let φ : P → Q ⊆ L(H) be a chart for H
around 0 such that φ(0) = 0 and T0(φ) = idL(H). Furthermore, we choose an
ultrametric norm ‖.‖ on L(H). Using Proposition 4.8, we find N ∈ N0 and
positive real numbers a < b such that XNO ⊆ P and
a ‖φ(z)‖d ≤ |z| ≤ b ‖φ(z)‖d for each z ∈ XNO. (16)
Set W := φ(XNO). Since β(XNO) ⊆ XNO, we can define γ : W → W ,
γ(w) := φ(β(φ−1(w))).
5.4 Using Lemma 3.5, we want to show that γ is not analytic. Given n ∈ N,
there exists k ≥ N such that ℓj ≥ (n+ 1)j for each j ≥ k and hence
|β(z)| ≤ |z|n+1 for each z ∈ XkO. (17)
For w ∈ W such that ‖w‖ ≤ q−k/db−1/d, we have |φ−1(w)| ≤ b‖w‖d ≤ q−k
(using (16)) and hence |β(φ−1(w))| ≤ |φ−1(w)|n+1, by (17). As a consequence,
‖γ(w)‖ = ‖φ(β(φ−1(w)))‖ ≤ a−1/d|φ−1(w)|(n+1)/d ≤ a−1/db(n+1)/d‖w‖n+1 ,
entailing that ‖γ(w)‖/‖w‖n → 0 as w → 0. Since γ is injective, Lemma 3.5
shows that γ cannot be analytic. As a consequence, β¯ : H → H is not analytic
either, nor is α¯ = idH + β¯ : H → H . But α¯ : H → H has to be analytic,
being the restriction of an inner automorphism of the analytic Lie group G∗
to its open, normal subgroup H . We have reached a contradiction. ✷
Remark 5.5 In particular, Theorem 5.2 shows that there exist smooth Lie
groups over local fields of positive characteristic without a smoothly compat-
ible analytic Lie group structure.
6 Examples of Cn-Lie groups that are not Cn+1
A variant of the proof of Theorem 5.2 shows the following:
Theorem 6.1 Given n ∈ N, let θ and λ = (ℓj)j∈N0 be as in Proposition 3.4.
Then the topological group G from (15) has the following properties:
(a) G admits a 1-dimensional K-Lie group structure of class Cn compatible
with the given topological group structure.
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(b) G does not admit a K-Lie group structure of class Cn+1 compatible with
the given topological group structure.
Proof. The proof of Theorem 5.2 (a) and the first half of the proof of
Theorem 5.2 (b) (viz. 5.3) carry over to the present situation, if we replace
the word “smooth” with “Cn” and “K-analytic” with “Cn+1” there. Thus
Part (a) of the present theorem holds. To complete the proof of (b), we re-
tain the notations from 5.3. Using Lemma 2.2, we want to show that γ is
not Cn+1 (whence neither is β¯, nor α¯, which is absurd). By Lemma 3.3, there
exist positive real numbers A < B such that
A|z|θ ≤ |β(z)| ≤ B|z|θ, for each z ∈ O. (18)
For each w ∈ W , we then have
‖γ(w)‖ = ‖φ(β(φ−1(w)))‖ ≤ a−1/d|β(φ−1(w))|1/d
≤ a−1/dB1/d|φ−1(w)|θ/d ≤ a−1/dbθ/dB1/d‖w‖θ and
‖γ(w)‖ = ‖φ(β(φ−1(w)))‖ ≥ b−1/d|β(φ−1(w))|1/d
≥ b−1/dA1/d|φ−1(w)|θ/d ≥ b−1/dA1/daθ/d‖w‖θ ,
using (16) and (18). Set C := b−1/dA1/daθ/d and D := a−1/dbθ/dB1/d. Then
C‖w‖θ ≤ ‖γ(w)‖ ≤ D‖w‖θ for each w ∈ W ,
whence Lemma 2.2 shows that γ is not Cn+1, contradiction. ✷
The following problems remain open:
Problem 1 Does every smooth K-Lie group have an open subgroup which
admits a smoothly compatible analytic Lie group structure ?
Problem 2 Given n ∈ N, does every K-Lie group of class Cn have an open
subgroup which admits a Cn-compatibleK-Lie group structure of class Cn+1 ?
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